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2.1. $G$ 3-transposition group ,
(1) $G$ 2 $D$ (i.e. $G=\langle D\rangle,$ $D^{G}=D$ )
(2) $D$ 2 2 $3_{\text{ }}$ (i.e. $a(\neq)b\in D\Rightarrow|ab|=2$
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, $n$ $S_{n}$ , $D$
(1) , $S_{n}$ $S_{k}\cross S_{n-k}$
, $D$ $K$ , $K\cap D$
3-transposition group $D$-subgroup
, , $G$
, $G=\langle D\rangle$ 3-transposition group
, $d\in D$
$D_{d}=\{a\in D||ad|=2\}$ , $A_{d}=\{a\in D||ad|=3\}$
( , $D=\{d\}\cap D_{d}\cap A_{d}$ ( , $S$ Sylow 2-subgr0up
, $|S\cap E|$ $G$ width , $D$
, Fischer 3-transposition group
,
22(B. Fischer [F1]). $G$ , 3-transpositions $D$
, ( )
$O_{2}(G)\subset Z(G)\supset O_{3}(G)$ .
, $(G, D)$ , ( , $(G/Z(G), DZ(G)/Z(G))$
$(G, D)$ ) ( $\epsilon=\pm 1$ )
(1) $G\cong S_{n},$ $D=$ {transpositions},
(2) $G\cong S_{2n}(2),$ $D=$ {transvections},
(3) $G\cong O_{2n}^{\Xi}(2)$ : 2, $D=$ {transvections which preserve $a$ (fixed)quadratic $fom$},
(4) $G\cong O_{2n}^{\epsilon}(3):2$ , $D=$ {reflections $w.r.t$ the $nom1$ vectors}
(5) $G\cong O_{2n+1}(3)$ : 2or $O_{2n+1}(3),$ $D=$ {reflections $w.r.t$ the norm $\epsilon$ vectors}
(6) $G\cong U_{n}(2),$ $D=$ {transvections}
(7) $G\cong F_{22},$ $F_{23},$ $F_{24f}D:a$ unique class
(8) $G\cong O_{8}^{+}(2).S_{3},$ $O_{8}^{+}(3).S_{3},$ $D:a$ unique class
$n$ ( , (1) $n\geq 5,$ (2) $n\geq 2,$ (3) $,(4)\epsilon=+$ $n\geq 3,$ $\epsilon=$
$n\geq 2,$ (5) $n\geq 2,$ (6) $n\geq 4$
, ATLAS , :2
, index 2 $S_{n}$ $F_{24}$
$A_{n}$ : 2, $F_{24}’$ : 2 ,
, [N], [A2]
(5) ”or” , $n$ $\epsilon$
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, , ( 1)
, $\epsilon=1$ :2 $\epsilon=-1$ ,
:2
, (7) Fischer , $F_{22},$ $F_{23},$ $F_{24}’$
(8) 2 , , $\mathrm{A}\mathrm{u}\mathrm{t}(O_{8}^{+}(2))$
, $\mathrm{A}\mathrm{u}\mathrm{t}(O_{8}^{+}(3))$ 2 , $G’=G”$
Fischer [F1] , [F2]
, Uniqueness theorem $F_{24}$
, ,
Cuypers-Hall [CH2] , ( )





$U_{4}(2)\cong O_{5}(3)<\mathit{0}_{5}(3)$ : $2\cong O_{6}^{-}(2)$ : $2\cong W(E_{6})$
$S_{6}(2)\cong W^{*}(E_{7})$ , $O_{8}^{+}(2)\cong W^{*}(E_{8})$
$O_{6}^{+}(2)$ : $2\cong S_{8}$ , $O_{4}^{-}(3)$ : $2\cong S_{4}(2)\cong S_{6}$ , $O_{4}^{-}(2)$ : $2\cong S_{5}$
1 , F4, $\mathrm{F}_{3}$ , F2 ,
,
$O_{2n}^{\pm}(2)>S_{2(n-1)}(2)>O_{2(n-1)}^{\mp}(2)$
, , $\epsilon=+$ , $n=4$




$S_{4}$ , Weyl $W(D_{n})$ $O_{3}(G)\neq 1$
$S_{3}$ , , 3 ( (4),(5)) 0
parabolic subgroup $F_{24}$
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$3^{7}\cdot O_{7}(3)$ , “ $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{s}\mathrm{p}1\mathrm{i}\mathrm{t}^{77}$
Monster $3^{8}\cdot O_{\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}}(3)\ovalbox{\tt\small REJECT} 2$ non-split ,
3-transposition group ( , $3^{8}\cdot 0\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}(3)\ovalbox{\tt\small REJECT} 2$
3-transposition group t ([CH2])
$S_{3},$ $S_{4}$ , 3
( 3) 3-transposition 4 ( 3 )
$S_{3}((12),$(13)
$,$ (23) $),$ $S_{4}((12),$(13) $,$ (14) $)$ ,
,
$H:=\langle a, b, c|a^{2}=b^{2}=c^{2}=(ab)^{3}=(bc)^{3}=(ca)^{3}=(abac)^{3}=1\rangle$
, $\langle(abc)^{2}\rangle$ $H/Z(H)$ , (
$D$-subgroup) $H/Z(H)$ ,
$H/Z(H)$
, $H$ [F1] [CH2] , $SU_{3}(2)’$ ,
(abac) $=1$ t $S_{3},$ $(abac)^{2}=1$ ( $S_{4}$ {
$H$ 3-transposition 9 ,
$3^{3}$ extra-spatial group index 2 –
, 2 $\cross 3^{N}$ 3-transposition group , $D$
, [CH2] “Moufang type” ,
, Moufang type ( ) 3-transposition group
, , $H$ ( $H/Z(H)$ )
$((1)-(3))$ $((4)-(8))$
Moufang type $H$ , ,
Moufang loop , [K2] ,
$3^{\overline{\prime}}\cdot O_{7}(3)$ (non-split) , Moufang loop
, Moufang type , Moufang
loop
1. 3-transposition group $3^{8}\cdot O_{8}^{-}(3)$ : 2(non-split)
23
, ([M]) ,
( type II )
,
2. type $H$ ?( ,
)
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3. Code VOA type $G\ovalbox{\tt\small REJECT}$) $D$ (
$G/O_{2}(G)\cong H$ $d\in D$ $|d^{O_{2}(G)}|=8$
?( $G/O_{2}(G)\cong S_{3}$ , Hamming
code VOA )





[F2] , [A2] ,
Cuypers-Hall[CH1]
, $G=\langle D\rangle$ , 3-transposition $D$
3.1(Normal subgroup theorem). $Z(G)=1$ ,
(1) $V:=\langle$ ab $|A_{a}=A_{b}\rangle$ $\neq 1(<O_{2}(G))$ ,
(2) $W:=(ab$ $|D_{a}=D_{b}\rangle\neq 1(<\mathit{0}_{3}(G))$ ,
(3) $\langle$ ab $||ab|=2\rangle$
, (1), (2)
,
3-transposition group , $G$ $D$ ,
(1) (2) ,
$\{b|A_{a}=A_{b}\}$ , $\{b|D_{a}=D_{b}\}$
$\grave{\grave{1}}$ $a\in D$ , (8)
$(G’=G”)$ , ,
32(Transitivity theorem). $Z(G)=V=W=1$ $G’=G”$








33(Uniqueness theorem). $Z(G)=V=W=1$ $G’=G”$
, $G=\langle D\rangle$ , $D_{d},$ $D_{d}\cap D_{x}(d\in D, x\in A_{d})$
$D_{d}$ , $C_{G}(d)$ ,
23 ,
$G=\langle D\rangle>\langle D_{d}\rangle>\langle D_{d}\cap D_{x}\rangle$
, $W^{*}(E_{8})$ $W^{*}(E_{7})$ $W(E_{6})$




$G=\langle D\rangle$ , $D_{d}$ $D_{d}\cap D_{x}$ ( )



















Higman-Sims , rank 3
Transitivity theorem , 3-
transposition group rank 3 ,
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35. 3-transposition group $G\ovalbox{\tt\small REJECT}(D)$ ( $\mathrm{r}_{G}$ ( ( $\mathrm{F}_{D}$ )
$D$ , 2 $a,$ $b\in D$ (i.e. $|ab|=2$ )
, $G$ $G/Z(G)$
4 $\mathrm{a}_{\text{ }}$ , ( )
, $3^{7}.O_{7}(3)$ , split
, 22 ,
, ( )
(1) $\Gamma$ 2 $a,$ $b(b\not\in\{a\}\cup\Gamma_{a})$ & ,
\Gamma a\cap \Gamma b=\Gamma a\cap \Gamma c=\Gamma b\cap r
$c$ ( , $a^{b}$ )
, $\Gamma_{a}$ $a$ ( )
(2) $a$ , \sigma
$\{a\}\cup\Gamma_{a}$ , b\not\in {a}\cup r (1) $c$








, b\in A Transitivity theorem
$b^{a}(=a^{b})$ , , $C_{G}(a)$
$\{b, b^{a}\}$ $a,$ $b,$ $c$
3 , $S_{3}$ $c=b^{a}$ ,
, $c$ ( ) 2
,
68
, $C_{G}(a)$ $\{\{b, b^{a}\}|b\in A_{a}\}$ ( ) rank 3
, (1)$-(3)$
, $H$ , 2
$C_{G}(a)$ $G\cong S_{2n}(2),$ $U_{n}(2)$
,
$G\cong S_{n}$ , $C_{G}(a)\cong S_{n-2}$ $(n-2)$
$G\cong O_{2n}^{\pm}(2)$ : 2 ( , $C_{G}(a)\cong S_{2(n-1)}(2)$ 2
, symplectic form 2
$G$ 3 , $Cc(a)$ $H$
rank 3 , , singular vector
, $G\cong F_{22},$ $F_{23},$ $F24$ ( , $Cc(a)\cong U_{6}(2),$ $F_{22},$ $F_{23}$ rank 3
$C_{G}(a)\cong F_{24}$ $G$ , $F_{24}$
36. [ $G\cong W^{*}(E_{8})$ , ( , $C_{G}(a)\cong$
$W(E_{7})$ 28 2 $W(E_{7})$ $S_{8}$ $D$-subgroup
8 , $S_{8}$
, 8 4 , {1, 2, 3, 4}
{5, 6, 7, 8} ,










$S_{4}$ (12), (23), (34)
,
$I\acute{\mathrm{t}}=\langle D_{a}\rangle$ , L=(D $\cap D_{b}\rangle$ , M=(D $\cap D_{b}\cap D_{c}\rangle$
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$K$ $\ovalbox{\tt\small REJECT} M$ , $G$ $K$
, , 3-transposition group $L\ovalbox{\tt\small REJECT}(E)$ ,
$M$ $K$
, ,
$x,$ $y\in L$ , $M^{x}\cap M^{y}$ $X_{0}(\cong L),$ $X_{1},$
$\ldots,$
$X_{r}$
41(Width extension). $L,$ $M$ $\Gamma_{L,M}$
, $E\cup\{M^{x}|x\in L\}$ ,
$E$ 2 $a,$ $b$ ( )
$a\in E$ $M^{x}$ [ $a\in M^{x}$
$M^{x},$ $M^{y}$ , $M^{x}\cap M^{y}$ ( ) $X_{1}$
32 $K$
, $X_{1}$ $L$ width ( )
width extension
4.2. $G\cong W^{*}(E_{8})$ , $K\cong W(E_{7}),$ $L\cong W(E_{6}),$ $M\cong W(D_{5})$
,




, , $G=\langle D\rangle$ $K=\langle D_{a}\rangle,$ $L=$
( $D\text{ }\cap D_{b}\rangle$ ( )
, 3-transposition group $K=\langle F\rangle$ $L$ ,
$x,$ $y\in K$ $L^{x}\cap L^{y}$ $K,$ $L$
$\Gamma_{K,L}$ , , $F\cup\{(L^{x})_{1},$ $(L^{x})_{2}|x\in$
$K\}$ , L\dashv 2 ,
, ,
$F$ 2 $a,$ $b$ [ [ , $a\in F$ $(L^{x})_{i}$ $a\in L^{x}$
70
( , $(L^{x})\ovalbox{\tt\small REJECT},$ $(L^{y})\ovalbox{\tt\small REJECT}$ , $L^{x}\cap L^{y}$
, $(L^{x}).,$ $(L^{x})_{2}$
,
44. $G\cong W^{*}(E_{8})$ $K\cong W(E_{7}),$ $L\cong W(E_{6})$ [ , $K/L$
2 36 , 2
8 , 8 1 , $L^{x}$
( $N_{h’}(L)--L$ ) , rK,
$F\cup\{(ij)_{1}, (ij)_{2}|1\leq i<j\leq 8\}$
,
$(ij)_{1}$ , $(kl)_{1}$ , , 1 $(ik)_{2}$
45. , $W(E_{8})$
5 $F_{22},$ $F_{23},$ $F_{24}$
, 3.4
, $F_{23}$
Width extension , Central extension
( , $F_{22}$ ) $F_{24}$ central
extension , $F_{23}$ ( )
Central extension ,
5.1 Width extension




5.1. $L=\langle F\rangle\cong O_{8}^{+}(3)$ : 2, $L>M\cong O_{8}^{+}(2)$ : 2 , $x,$ $y\in L$
$M^{x}\cap M^{y}\cap F$ , $O_{8}^{+}(2)$ : 2, $S_{9},$ $W(D_{4})\cross W(D_{4}),$ $S_{3}\cross S_{3}\cross S_{3}\cross S_{3}$
,
1 , 42 ,
2 , (15.3.10), (15.3.20), (16.1.21), (16.1.22)
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Width extension ,
, , $\text{ }$ Central extension
5. $F_{22}$ $F_{23}$ Width extension
Fischer ,
, Width extension ,
5.2 Central extension
section , $F_{24}$ Central extension
( ) $F_{23}$ Central extension , $(L^{x})_{i},$ $(L^{y})_{j}$
, $F_{24}$
6. Fischer ( $F_{24}$ ) Central extension
$F_{24}$ , Fischer ,
( ) $\text{ }$ $F_{22},$ $F_{23}$ ( $U_{6}(2)$
) ( $W(E_{8})$ ) ,




5.2. $K=\langle E\rangle\cong F_{23},$ $K>L\cong O_{8}^{+}(3)$ : $S_{3},$ $L>M\cong O_{8}^{+}(2)$ : $S_{3}$
$x,$ $y,$ $z\in K$
$\langle L^{x}\cap L^{y}\rangle\cong\langle L^{x}\cap L^{z}\rangle\cong\langle L^{y}\cap L^{z}\rangle\cong\langle L^{z}\cap L\rangle\cong M$
,
$L^{x}\cap L^{y}\cap L^{z}\cap L\cap E\neq\emptyset$
, $K=F_{23}$ , $L^{x}\cap L^{y}\cap L^{z}$
$L^{y}\cap L^{z}\cap L$ , $L^{y}\cap L^{z}$
$M\cong O_{8}^{+}(2)$ : $S_{3}$ , 3




( ) 3-transposition group
3. $F_{24}$ ( 3 $\llcorner\backslash \{\langle\langle$ )
6.1 Conway-Norton










( , 3 ,
$\mathrm{N}\mathrm{I}_{666}$ )
$f_{2}$
Coxeter diagram , $x^{2}=\mathrm{I}$ , 2 $x,$ $y$
( edge $(xy)^{3}=1$ , (y $(xy)^{2}=1$ $|,$ $\mathrm{a}$
$Z\backslash ^{\backslash }F\vee 3\Psi^{\mathrm{I}}\mathrm{J}$ , $E_{8}$-diagram $Y_{521}=\mathbb{M}_{632}$ , $( \frac{1}{6}+\frac{1}{3}+\frac{1}{2}=1)$
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$\mathrm{Y}_{555}$ $\mathrm{Y}_{553}$ (resp. $\mathrm{Y}_{533},$ $\mathrm{Y}_{552}$ ) ,





$\mathrm{M}12\cong<\mathrm{Y}_{555},$ $(\#)>,$ $2\cross \mathrm{M}\cong<\mathrm{Y}_{553},$ $(\#)>$
22.B\cong <h , $(\#)>$ , 3. $F_{24}\cong<\mathrm{Y}_{552},$ $(\#)>$
Fischer , [CP] , $$
, 21 ,
8. $\mathrm{Y}_{552}$ $3.F_{24}$ ,
$(\#)$
$\mathrm{f}\mathrm{f}\mathrm{i}\sigma)$ Fischer ffl $F_{23},$ $F_{22}\not\in$) $\mathrm{Y}_{432},\mathrm{Y}_{332}\mathrm{B}_{1}\text{ }$
$2\cross F_{23}\cong<\mathrm{Y}_{432},$ $(\#)>,$ $2^{2}.F_{22}\cong<\mathrm{Y}_{332},$ $(\#)>$
, , 5 $O_{8}^{+}(3)$ : 2 $\mathrm{Y}_{422}$
3 [ , 3-transposition group
, ,
3-transposition groups , $\mathrm{Y}_{555}$ subdiagram
, Monster Baby Monster
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